REGULARIZATION OF L2 NORMS OF LAGRANGIAN DISTRIBUTIONS BY STEVEN IZEN
ABSTRACT. Let X be a compact smooth manifold, dimX = n. Let A be a fixed Lagrangian submanifold of T*X. The space of Lagrangian distributions Ik(X, A) is contained in L2(X) if fc < -n/4. When k = n/4, I~n/A(X, A) just misses L2(X).
A new inner product (u,v) r is defined on I~n/4(X, A)//_n/4_1(X, A) in terms of symbols. This inner product contains "L2 information" in the following sense: Slight regularizations of the Lagrangian distributions are taken, putting them in L2(X). The asymptotic behavior of the L2 inner product is examined as the regularizations approach the identity. Three different regularization schemes are presented and, in each case, (u,v) r is found to regulate the growth of the ordinary L2 inner product.
0. Let X be a compact smooth manifold, dimJT = n. Let A C T*X\{0} be a closed homogeneous Lagrangian submanifold and M a line bundle over A. We denote by Sk(A, M) the space of smooth homogeneous sections of M, with degree of homogeneity fc. By Sk(h) we mean the space of smooth degree fc homogeneous functions on A. Oa (resp. fiA' ) will denote the line bundle of densities (resp. halfdensities) on A. When no confusion will arise, the subscript A will be omitted. Ik(X, A) will denote the space of classical, order fc, Lagrangian distributions on X associated with A. This implies that if m G Ik(X,A), then u is a generalized half-density on X, and the wavefront set of u, denoted WF(tt), is contained in A. The symbol of u is denoted o~ (u) and is an element of Sfc+n/4(A, fi1/2 <g> L), where L is the Maslov bundle of A.
If u E Ik(X, A), where fc + n/4 < 0, then u E L2 (X) by a theorem of Duistermaat and Hörmander [DHo] . The purpose of this paper is to examine the critical case fc + n/4 = 0, when u just misses L2(X), to see what "L2 information" can be extracted. The critical case I~nl4(X, A) will be denoted ICT(X, A). The L2 inner product breaks down for ICT(X, A), but we can make
ICT(X,A)/I^4~1(X,A)
into an inner product space in a natural way by taking integrals of the symbols of the equivalence classes of distributions in ICI(X, A)/I~n/4~x(X, A). Since the symbol map <7 factors through ICT(X, A)/I~n/4~1(X, A), when no confusion arises the distinction between an element of ICT(X,A) and its image in Icr(X,A)/I~n^4~l(X,A) will not be made. Also, the term "distribution", unless otherwise indicated, refers to a generalized half-density. The inner product on Icr(X, A)/I~n/i~l(X, A) will be denoted ( , )r and will be called the regularized inner product.
We demonstrate that this inner product contains "L2 information". The general idea is the following: We start by slightly regularizing u,v E ICr(X, A), so as to put them in L2 (X). Then the L2 inner product is taken of the regularizations us and vs of u and v.
The asymptotic behavior of (us,vs) is examined as us -> u and va -» v. This procedure is done three different ways, and each time (u,v) r is found to be the coefficient of the leading term in an asymptotic expansion in the regularization parameter s.
This leads us to believe that the information contained in (u,v)r is, in some canonical sense, L2 information.
In §1, first the regularized inner product of u, v G /Cr(^i A) is defined in terms of the symbols of u and v. Fortunately, the Maslov factors in the symbols conveniently cancel out. Then the relationship between (u,v)r and (Fu,Fv)r is determined, where F is an order-0 Fourier integral operator. The calculus of composition of Lagrangian distributions is used in calculating the above relationship and is needed again in a later section, so some results from the calculus are stated here.
In §2, (tí, v)r is exhibited as the coefficient of the singularity at s = 0 of the zeta function Zp-iu^v(s) = (Ps/2u,Psl2v), where P E iS>~1(X) is positive, selfadjoint and elliptic. Here, and for the rest of this paper, }ik(X) denotes the space of order fc classical pseudodifferential operators on X.
The result is obtained by a variation of a technique called the "algorithm of the '70s" by Fefferman [Fe] : The result is demonstrated first for the case A = iV*{0} C T*Rn, the conormal bundle of the origin. The result is transferred to a more general A (but with small microsupport) by certain Fourier integral operators examined in §1. Then the global result is pieced together from the microlocal result by a microlocal partition of unity.
The section finishes with a calculation of the constant term in the expansion ZP-iuv about s = 0. In §3, the asymptotic growth as A -> oo of (E\,u, v) is examined, where {E\} is the spectral resolution of a positive, elliptic selfadjoint Q E 'íl(X). This is done by examining the singularity at 0 of the Fourier transform of (dE\u/dX,u) using the calculus of composition of Lagrangian distributions and then applying a Tauberian argument to obtain that (E\u,v) ~ {u,v)n\ogX, as A -> oo. The results of §2 are strengthened, showing that ZP-i^u¡v(s) can be extended meromorphically to C with poles only at the nonpositive integers and with the residue at zero = (u,v)r.
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1. Let F be a principal fiber bundle over a compact manifold B, with fiber R+. The following sequence is exact: 0 -> TyR+ -» TyY dA TbB -* 0, where it: Y -» B is the fiber projection. Therefore, for all y E Y, \TyY\ = \TbB\ ® |R|, where 7r(y) = b.
Choose a section s of Y, s: B -> Y. Let \dt\ be the standard density on R. Then to each section v E \TY\ we can associate a section vf E \TB\ given by
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Now suppose u E \TY\ is a homogeneous density, homogeneous of degree 0.
Then for any two sections Si, S2 of Y and b E B, u(b, si(b) 
Thus we can canonically associate to u a density u# G \TB\, u# = uf for any section s of Y, since uf will be independent of the section s chosen.
Definition, resy u = ¡Bu#. 
The canonical sections above the Ay's patch together to give a global section in S°(A, fi) which is also canonically defined, since all the transition functions for ab are identically one, independent of the trivialization chosen for L. is an isomorphism, so we automatically get an inner product space structure on ICI(X,A)/I~n/4-1(X,A). Let u,vE Icr(X,A)/rn/i~1(X,A).
The reason for the dimensional constant (27r)-" will be apparent later. Define ||u||ñ = ((u,u) Ry2.
It would be interesting and useful to know some of the functorial properties of the inner product ( , )#. In order to develop these properties, it is necessary to use the calculus of composition of Lagrangian distributions.
We list some of the main results here. (See [DGu] for the proofs.) Let X, Y be compact manifolds, Y a closed Lagrangian submanifold of T*(X x F)\{0}, and A a closed Lagrangian submanifold of T*F\{0}. Definition. Y o A = {(x, £) g T*X\3(y, n) g A with (x, £, y, n) g r}.
In the following discussion it is assumed that:
(1) There are no points of the form (x, 0) G Y o A. That is, Y o A c T*X\{0}. However, T'Y is naturally a symplectic manifold, hence it has a canonical positive, nonvanishing half-density uj1/2 . Thus we get the natural isomorphism
Let a E IT]1/2 and r G IAI1/2. By the above isomorphism, a ® r ® w^1/2 is a half-density on Y o A times a density in the fiber direction.
The integral is well defined since for all p E Hn,
Let us look at this even closer. Let xp = 4>\hn-Then <¡>n: Hn -> graphe, p -» (p, 4>(p)) is a diffeomorphism, as is (¡>m '■ graph ip -> Am, and (p, <f>(p)) -► <t>(p), since '0 = 4>m ° <t>N is a diffeomorphism.
The idea is to transport densities above A to densities above graph V> by 4>*M, and then transport those densities down to Hn by <p*N. By Lemma 1.2 the density factors in all directions except the Hn direction will cancel, leaving us with a density on Hn-|/|2 is a density on Y which is homogeneous of degree n. If |/|2 is restricted to graph?/; we get a density on Y above grapht/;. By this we mean that for all 7 G graphe, Y(^) is a density onT^Y. Hence, by Lemma 1.2, |/|2®0M|o|2®0MtJ_1 is a density on Hn above graphs, and |c|2 = (p*N(\f\2®(p*M\a\2®(f)Muj~l) is a density on Hn. Therefore, \c\2 = (¡>N\f\2 ®i>*\a\2 (d^oj-1 and
By Lemma 1.2, above graph«/», |/|2 is the product of a density /i in the Hn direction with a density /2 in the 7r(r) direction. Note that /i and /2 cannot be chosen canonically, but the product /i ® ¡2 is, of course, independent of the choice made. Let fN = <p*Nfi. fN is a density on HN. Let fM = (V>*)_1/;v = (^m)_1/iIm is a density on AM since ip gives an isomorphism of \HN\ with |Am|-Therefore, (0m)_1|/|2 = /aí ® (0m)_1/2 is a canonically defined nonnegative density on T*Y above Am because Y intersects A transversally.
Since the above operations preserve homgeneity, (<Am)_1I/|2 is still homogeneous of degree n. So, dividing by the standard positive density u>, which is also homogeneous of degree n, leaves a canonically defined nonnegative function on Am, which is homogeneous of degree For positive s let Zp-iitM)(s) be the L2 inner product (Ps'2u, Ps/2v). The subscript P_1 is used instead of P so as to keep the notation consistent with that of §3 when Zp-itUtV is extended to complex s. As S -► 0+, Zp-i,"," will usually approach co. The main theorem of this section is THEOREM 2.1. Letu,v,P be as above. Then
Note that the right-hand side is independent of the choice of the operator P.
This theorem will be proven in three steps. First it will be verified for X = R™ and A = iV*{0}, the conormal bundle to the origin.
Note that although in this case X is not compact, the definition of (u, v)R given in §1 still makes sense because the integration is over A# = S"-1, which is compact. For this case the theorem is just Parseval's formula and a switch to polar coordinates.
The second step is to extend the result of Step 1 to distributions with small microsupport in T*X\{0}. This is done by using the results of §1 to construct a microlocally unitary Fourier integral operator which takes distributions with small microsupport back to the conormal distributions of Step 1.
Finally, the global result is obtained by patching together with a microlocal partition of unity.
PROOF. First consider the case where ui,u2 E 7Cr(R",N*{0}). Let x E Rn, ÇE(RnY, Uj = (2*)-n[ e<<*-«>oi(Ol^l1^l<fe|1/a, J = 1,2, where uj(£,) = uj, the Fourier transform of Uj.
Since we are on Rn, a,-(£) is also the total symbol of Uj, and therefore is an asymptotic sum of half-densities of decreasing homogeneity. It will be more convenient to work with functions, so let bj(£) = Oj(0l^l_1/'2i where |d£| is the standard density on (Rra)*. Let oJO = ct(uj) and bj0 = ajQ\d£,Y1^2-aj0 and ^io are just the leading terms in the asymptotic expansions of aj and bj, respectively. Let P be a constant coefficient, selfadjoint, positive elliptic operator belonging tô -^R")-Let p(0\d£\1/2 denote the total symbol and p0(£)|d£|1/2 the principal symbol of P. Then P°/\ = (2tt)-" f e^-V/2(0M£MI \dx\^2. We claim (2.2) is also valid when P is a variable coefficient operator.
PROOF OF CLAIM. We need the following LEMMA 2.1. Let uE Ik(X,A), Pe *(X), p0 = a(P) and a0 = a(u). Then f(x,y,9)qo(y,-4>y(x,y,0)).
Thus, if we are given a Q as above, we can construct a positive, selfajoint, elliptic P E V~1(X) such that PF -FQ is of degree -2 and smoothing outside of M' by first choosing an operator P' with principal symbol po such that p0(x, d>x(x, y, 6)) = qo(y, -<t>y(x, y, 6)).
Then we get a selfadjoint P by setting P = (P' + P'*)/2. P now has the required properties. Consider the operators PSF and FQS. By construction PSF and FQS have the same phase function as F, and the leading amplitude of P3F is ps0(x, <j>x(x, y, 6))f(x, y, 6) = q^(x, -<py(x, y, 6))f(x, y, 6), which is the leading amplitude of FQS. Thus PROOF. Let Q = PoPf1-Then QG*°(X) and <t(Q) = a(P0)/a(Pi) = q; q is real since both P0 and P, are selfadjoint. Let T(s) = P^P^3 G *°(X).
Then cr(T(s)) = q" = esl°sq, s > 0. Since T is real analytic in s, we can write T(s) = I + sR + 0(s2), where R is an operator *°(X) with a(R) = \ogq. Then 3. Let Q be a positive, elliptic, selfadjoint operator in ^1(X), where as before, X is compact and dim X = n. Then the spectrum of Q is positive and discrete.
Denote the symbol of Q by q(x, £). Let u, v E I(X, A), o(u) = a, a(v) = b.
Consider the family of spectral projections {E\} of Q. We have / = J0°° dE\. PROOF. By an easy polarization argument similar to the one in the proof of Corollary 1.1, it suffices to prove Theorem 3.1 for the case when u = v.
Define gu = gu<u. Let p E CQX>{R), p(0) = 1, with suppp C (-£,£), where £ < \Ti\ and Ti is the smallest nonzero period of the Hamiltonian flow $( of the Hamiltonian vector field Hq. Let p be the inverse Fourier transform of p. Choose p so that ß > 0 on R and p > 1 on [0, 1] . For the construction of a suitable p see [Gul] .
Claim 3.1. Suppose (3.1) p * ^ = \\u\\2RX-1 + 0(X~2) asA^oo. cLÀ Then gu = \\u\\2R\ogX + C + OfA"1).
PROOF. We can integrate (3.1) to obtain p*gu = \\u\\2R log A + C + 0(X~l)
as A -> oo. We will show that p* gu -gu = 0(X~l). From (3.1) we have that #.£-££<a-,.>*.>*.-u*+w-«). 9u(X) = 0(A) as A -> oo.
In the following discussion, assume A > 1. p * gu -gu can be written as the sum of the three integrals
Suppose first p > A/2. Then
Therefore, if h = ¡™2[gu(X -p) -gu(X)}ß(p) dp, then \h\<9uW roo / P(p) dp Therefore, f° d f°h = ¡9u(X -p) -gu(X)]fi(p) dp < -/ \p -l|p(p) dp
, , since 0 < u/X < 1/2. So if h = ¡0 [f7u(A -p) -gu(X)]p(p) dp, then |/3| < (2d/A)| f0A/2(l + p)ß(p)dp\ so h = OÍA"1). Hence \fi*g-g\< \h\ + \h\ + \h\ = 0(A_1), proving the claim. Now all that remains to complete the proof of Theorem 3.1 is to show that (3.1)
holds.
We will get the growth of p * dgu/dX by examining the singularities of its Fourier transform in A. For technical reasons gu will be identified with the generalized half-density gu\dXl/2\, where (dX)1^2 is the standard half-density on R. We have
The Schwartz kernel of dE\/dX is Y e-^e.ixYjJy).
Aj6spec(Q)
Denote by F(t,x,y) the distribution dE\/dX. Let hu = (Fu,u).
We will calculate the singularities of phu using the calculus of composition of Lagrangian distributions.
It is shown in [DGu] that F E I~l/4{R x X, X; C), where C is the homogeneous canonical relation {(í,t), (x, £), (j/,n) G T*(RxXxX)\{0}\T + q(x, () =0, (x, £) = $'(2/,")}, where $' is the flow of the Hamiltonian vector field Hq. Therefore pF E I~ll4(R x X, X; C), where C = {(t, r), (x, 0, (y, v) e C\ \t\ < e}.
Since the map rr: C -> T*A\{0},
is surjective, the following fiber product diagram is transversal:
The numbers in parentheses are the dimensions of the spaces. G is the fiber product of C' and A, G = {(t,T), (x,0,(y,v) &C'\(y,ri) E A}, C'oA = {(t, t), (x, 0 E T*(R x X)\{0}|r + q(x, 0 = 0, (x, C) = *'(y,ri),(y,ri) E A, \t\ < e} .
By Theorem 1.1, pFu E /~™/4-i/4(R xX. ct0 A)_
Now we wish to evaluate (pFu, u) = fx pFuv, = 7r» A.*(pFuMü), where A : RxX -* R x X x X is the diagonal map, and 7r: R x X X R is projection. Since 7r,A* is a Fourier integral operator, we would like to treat 7r*A*(pPu M ü) in the calculus of Lagrangian distributions. Unfortunately, pFu M u is not Lagrangian because of the presence of edge terms in its wavefront set. That is,
where Or.xx, Ox are the zero sections of T*(R x X), T*X, respectively, and A = {(x, i) E T*X\(x, -£) e A}. From [DGu] , we have tt,A* G I°(R, R x X x X; D), where D = {(t,r), (t,r), (x, £), (x, -£) E T*(R x R x X x X)\{0}}. But D o (Orxx x A) is empty, as is Do ((C1 o A) x Ox)-Therefore, tt* A* is smoothing on the edge singularities, so pFu M v, can be treated as if it were Lagrangian distribution 7"n/2"1/4(R x X x X; (C o A) x A), with symbol a(pFu) ®er(w), when calculating 7T«A*(pPu M u). Form the fiber product diagram: Cancelling the half-density dX1^2 then gives We will now rederive this by an alternate method using the above results. In fact, we will prove the somewhat stronger The theorem is now a consequence to the following two lemmas. where 'i(s) = J^° X~k~3(d\/dX)dX is entire in s, and is bounded for Re(s) > sq since dx/dX has compact support. Also, \l>(-fc) = 1. Hence each term in the asymptotic expansion of p * E leads to a pole in (p * E, xs), the residue of which is just the term's coefficient. REMARK. Note that the constant term in the Laurent series of Zq,U:"(s) about 0 is (u,v)RiQ-i.
Lemma 3.1 tells us that Zq^u<v(s) -(E,Xs) has the same poles and residues as (p * E,xs), and gives us the stated growth of Zq,u^v on the half-spaces Re(s) > soWe now present the third regularization scheme.
Let Q E 4'1(A) be elliptic and selfadjoint as above, and let u, v E I(X,A).
Consider the heat operator e~tCi, t > 0. For t = 0, etQ reduces to the identity. If u,v E L2(X) then limt_^0+ 8q,«,u(í) = {u,v). If u, v E Icr(X,A), then Qq,u,v will usually approach oo as í -> 0+. However, the growth is controlled by {u,v)R:
